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ABSTRACT
We investigate the structure of the equation of state of finite nuclear matter by examining 
the nature of isospin dependence in the (a)symmetry energy term.  In particular, we 
include in the description of the binding energy fourth-order dependence with respect to 
the asymmetry factor, (N-Z)/A, and the regime of the l=0 Landau parameter, F0´, is 
required to be less than –1.  This modified equation predicts a minimum binding energy 
where NZ, in addition to the standard symmetric minimum when N=Z.  Results with the 
new asymmetry energy term are compared with experimental binding and symmetry 
energies from standard semi-empirical mass formulas.  Importantly, this method reveals 
one possible mechanism for producing the phenomenon of neutron excess which is seen 
in physical nuclei.
1‘The labor we delight in physics pain.’
-- Shakespeare, Macbeth II,iii,46
2I. INTRODUCTION
The determination of an accurate equation of state (EOS) of nuclear matter has 
been a difficult task for physicists for many years.  Particularly in the field of 
astrophysics, a reliable EOS for dense nuclear matter is important for understanding such 
systems  as the neutron rich cores in collapsing massive stars.  Also, when studying the
superfluidity of nuclear matter, neutron-proton pairing is well known to be important in 
the symmetric (N=Z) case, and recently the role of asymmetry (NZ) has been shown to 
be important [Akhiezer et al., 2001].  It is the role of asymmetry in nuclear systems 
which we will investigate here.
Skyrme type forces [Vautherin and Brink, 1972] have been useful in generating 
nuclear matter EOSs, beginning with such early models as SkM [Krivine et al., 1981], T6 
[Tondeur, 1981], SIII [Lattimer, 1981] and RATP [Rayet et al., 1982].  Since then, 
various corrections to these models have been proposed as well as new forms, a trend 
which continues in the absence of a fully satisfactory form.  In general, the proposed 
models are zero-range forces with ten parameters (ti, xi, W0, ), and the general form of 
most Skyrme type forces is given as [Margueron et al., 2002]:
V(r1, r2) = t0(1+x0P) (r) + ½ t1(1+x1P)(k´2 (r) + (r) k2) + t2(1+x2P)k´· (r)k
+ [t3(1+x3P)[(R)] (r)]/6 + iW0(1+2) · [k´× (r)k], (1)
where r=r1–r2, R=(r1+r2)/2, and the relative momentum to the right  is k=(1–2)/2i, 
with conjugate momentum to the left, k´; P=(12+1)/2 is the spin-exchange operator.  
The parameters of interaction are typically determined by specific properties of finite 
nuclei and symmetric matter.  In particular, dimensionless Landau parameters, F0, F0´, G0
and G0´ are combinations of the general parameters which are usually fixed by stability 
requirements of symmetric matter.  
3The asymmetry contribution to finite nuclear matter is usually obtained by 
examining the extreme cases of symmetric (N=Z) matter and pure neutron matter (N=A, 
Z=0) and utilizing an empirical parabolic approximation [Bombaci and Lombard, 1991].  
This parabolic function is usually of the form:
),()(),0(),( 2symB OEE ++= 0 ,         (2)
where the binding energy, EB, describes the difference between observed mass of the 
ground state of the nucleus and masses of the separated nucleons.  There is a purely 
symmetric (N=Z), density-dependent term, 0(,0), and a density-dependent symmetry 
energy, Esym(), which is a coefficient of the quartic of the neutron proton asymmetry, 2, 
defined as =(N-Z)/(N+Z)=(N-Z)/A.  The small higher order  terms, O(,), are ignored 
in calculations (the linear term in  vanishes automatically in the expansion from 
equilibrium conditions [as in Migdal, 1957]).  The quadratic formula of Eq. 2 is in 
agreement with the Fermi-gas model of nuclear matter and agrees particularly well with 
experiment for small values of  [Bombaci and Lombardo, 1991].
Assuming a minimum in the binding energy, EB(,), with respect to , by simple 
derivation this model predicts the stable minimum occurs only at one -value, the trivial 
case of purely symmetric nuclear matter, S=0.  Atomic weights of light elements on the 
periodic table (Z<ZNa) reflect this favored symmetry in their nuclei, where N/Z1.  But 
for heavier elements, it is a well known fact that the favored isotopes have a definite 
neutron excess, increasing up to N/Z1.5 (195Pt78, 208Pb82, etc.).  Generally, this shift in
nucleon ratio is explained as a result of Coulomb repulsion, where the favored systems 
have more neutral matter to increase distance between the protons, decreasing their 
electrical effect on the overall energy.
4In this paper we examine the form of the binding energy, EB, with the inclusion of 
higher order terms of the asymmetry, in particular fourth-order.  The form of the 
associated energy terms is determined by the requirement that the binding energy have a 
minimum with respect to asymmetry, .  The dimensionless l=0 Landau parameter, F0´, 
associated with the binding energy of a nucleus also must be in the range, F0´<–1,  in 
order for the equilibrium energy to be a stable minimum.  Relative isotope abundances as 
found in nature are used in the determination of zero-point asymmetries.  The resulting 
asymmetry energies are compared with the symmetry energies from currently used 
Bethe-Weizsäcker mass formulas and an approximation for F0´ determined.
II. BINDING AND ASYMMETRY ENERGIES
In this paper, we expand the expression of the binding energy of Eq. 2 as follows:
42
sym )(),0(),(B ++= EE 0         (3)
where terms of  higher than fourth-order are ignored and  is a new parameter (with 
dimensions of energy per nucleon) to be determined.  The symmetry energy, Esym(), per 
nucleon has been shown [ Migdal, 1957, and Bäckman et al., 1985] to be
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where N(0)= (3A)/(2F) is the density of states of a 3-dimensional Fermi gas at zero 
temperature and unit volume, A is the number of nucleons in the system and F is the 
Fermi energy.  In this paper, nuclei are considered to be ground state spherical, and 
energies associated with nuclear deformations are not considered (for discussion of their 
effects see, e.g., Stoitsov et al., 2003).
5We examine the first derivative of the binding energy with respect to asymmetry 
(NB: 0(,0) is independent of ), yielding
30 )(4
3
)F12(
 F
B
+
+
=
 
'E
.         (5) 
 
As in the binding energy expression of Eq. 2, a minimum (the above derivative equal to 
zero) occurs trivially in the purely symmetric case when S=0 and N=Z.  However, we
find in Eq. 5 an asymmetry value, A where NZ, at which the derivative term is zero, 
relating  and A by
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Substituting this expression for  into Eq. 5, we find the full binding energy expression 
given as:
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The second derivative evaluated at A is
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which is inherently positive for all values of the F0´ < –1, and therefore the binding energy 
is a minimum at A.  Throughout the rest of this paper, we will assume this stability 
condition on F0´ (and it should be noted that the binding energy evaluated at S is not in 
stable equilibrium now).
For future reference, we define the asymmetry energy, EAS(), centered at A, as
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6where  is the minimum energy (inherently negative given F0´ < –1) at A and  describes 
the shape (inherently positive) of the energy curve.  We expect the curve to increase
rapidly because of the inverse square dependence on the small, equilibrium asymmetry
fraction, A. Also, the values of  are always assumed to represent the case of N>Z; even 
though the term always appears as 2, and so  is able, mathematically, to be positive or 
negative, a nucleus with proton excess, (Z>N), would be unphysical due to the resulting 
Coulomb repulsion, etc., as seen in an examination of stable isotopes of the periodic table.
III. ASYMMETRY ENERGY AND STANDARD MASS FORMULAS
We now look at the asymmetry energy term explicitly in comparison with the 
standard mass formulas.  In Eq. 9, the asymmetry energy depends on only the single 
variable, .  The value of A is determined by the asymmetry of the predominant stable 
isotope of the given element as found in nature, which is assumed to result from 
possessing the lowest binding energy.  The only truly adjustable parameter of fitting, 
therefore, is F0´, which is limited to be less than –1 for the sake of stability, and which we 
will determine with comparison to symmetry energy.
An approximate value for the Fermi energy, F , of the nucleus is obtained from 
the 3-dimensional Fermi gas laws,
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approximating effective mass, m*, by the proton rest mass, m*mp=1.67×10-27 kg, and kF
is the Fermi wave number of symmetric nuclear matter, also considered constant, kF=1.36
7fm-1 [Bohr and Mottelson, 2004].  Thus, we can estimate the Fermi energy to be
F=6.1×10-12J = 36.6 MeV for the purpose of fitting the asymmetry energy.
There are several mass formulas for the observable nuclear binding energy per 
nucleon, usually found by semi-empirical relations.  In general they follow the form of
the Bethe-Weizsäcker mass formula:

 +++=  231 )(Z 4321BSE A,AE / .       (12)
The coefficients represent different contributions to the total energy: 1 is called the 
volume energy parameter; 2 is the surface energy parameter; 3 is the symmetry energy;
4 is the Coulomb energy parameter where (Z,A) is a function of proton and nucleon 
number representing Coulomb repulsion; and 	 is called the pairing energy parameter 
(dependent on whether the numbers of protons and neutrons in the nucleus are both odd 
or both even, or the total number of nucleons, A, is odd).  From the results of recent 
fitting [Heyde, 1999, and Samanta and Adhikari, 2002], we use the following parametric 
values: 1=15.79 MeV; 2=18.34 MeV; (Z,A)=Z(Z–1)/A4/3 and 3=0.71 MeV; 4=23.21 
MeV; and 	=pA-3/2 for nuclei with both N and Z even, 	=–pA-3/2 for nuclei with both N 
and Z odd, 	=0 for nuclei with odd A values, and p=12 MeV.  The resulting values of 
binding energies are particularly close to experimental values in the realm of medium-
and high-mass nuclei [Samanta and Adhikari, 2002].
For the sake of comparison with the expression for binding energy in Eq. 7, we 
define the non-isospin dependent terms as 0(Z,A).  Therefore, 

 ++=  )(Z)(Z 3210 31 A,AA, /       (13)
2)(Z 40BSE += A,E .       (14)
Therefore, from semi-empirical results we have the (theoretical) symmetry energy
component, 
824STSE =E .    (15)
In Table 1, we compare the values of the semi-empirical symmetry energies with the term 
for the asymmetry energy in Eq. 5 over a wide range of elements.  For each element, we 
investigate the nature of the asymmetry energy around the equilibrium asymmetry of the 
predominant isotope.  The experimental values of nuclear binding energies are those 
reported by Audi and Wapstra, 1993.  The experimental binding energies are compared 
with the sum of isospin independent energies, resulting in a quantity which represents an 
empirical symmetry energy from model. 
Fig. 1 shows a comparison of the symmetric energy and asymmetric energy 
curves.  The effect of varying the value of F0´ is seen as well.
TABLE 1. Comparison of Per Nucleon Experimental and Theoretical Binding, 
Symmetry and Asymmetry Energies (MeV)
AELEZ N/Z  EBX ESTSE EAS(F0´) EBX-0
22Na11 11/11=1.00 0 -7.92 0.0 0.0 -0.06
23Na11* 12/11=1.09 0.043* -8.11 0.043 0.011(1+ F0´) -0.07
24Na11 13/11=1.18 0.083 -8.06 0.160 -0.073(1+ F0´) 0.24
25Na11 14/11=1.27 0.120 -8.10 0.334 -0.510(1+ F0´) 0.25
26Na11 15/11=1.36 0.154 -8.01 0.550 -1.57(1+ F0´) 0.58
45Ti22 23/22=1.05 0.022 -8.56 0.011 0.006(1+ F0´) 0.24
46Ti22 24/22=1.09 0.043 -8.65 0.043 0.020(1+ F0´) 0.07
47Ti22 25/22=1.14 0.064 -8.66 0.095 0.035(1+ F0´) 0.11
48Ti22* 26/22=1.18 0.083* -8.72 0.160 0.042(1+ F0´) 0.18
49Ti22 27/22=1.23 0.102 -8.71 0.241 0.031(1+ F0´) 0.24
50Ti22 28/22=1.27 0.120 -8.76 0.334 -0.008(1+ F0´) 0.30
51Ti22 29/22=1.32 0.137 -8.71 0.436 -0.083(1+ F0´) 0.40
60Zn30 30/30=1.00 0 -8.58 0.0 0.0 -0.50
61Zn30 31/30=1.03 0.016 -8.61 0.006 0.003(1+ F0´) -0.05
62Zn30 32/30=1.07 0.032 -8.70 0.024 0.011(1+ F0´) -0.03
63Zn30 33/30=1.10 0.048 -8.69 0.053 0.020(1+ F0´) 0.03
64Zn30* 34/30=1.13 0.063* -8.74 0.092 0.024(1+ F0´) 0.08
65Zn30 35/30=1.17 0.077 -8.72 0.138 0.018(1+ F0´) 0.15
66Zn30 36/30=1.20 0.091 -8.76 0.192 -0.004(1+ F0´) 0.20
67Zn30 37/30=1.23 0.104 -8.73 0.251 -0.048(1+ F0´) 0.27
(TABLE 1, continued on next page)
9(TABLE 1, continued)
AEleZ N/Z  EBX ESTSE EAS(F0´) EBX-0
84Y39 45/39=1.15 0.071 -8.59 0.117 0.051(1+ F0´) 0.14
87Y39 48/39=1.23 0.103 -8.67 0.246 0.085(1+ F0´) 0.20
88Y39 49/39=2.13 0.114 -8.68 0.302 0.092(1+ F0´) 0.28
89Y39* 50/39=1.28 0.124* -8.71 0.357 0.094(1+ F0´) 0.32
90Y39 51/39=1.31 0.133 -8.69 0.411 0.092(1+ F0´) 0.39
91Y39 52/39=1.33 0.143 -8.68 0.475 0.084(1+ F0´) 0.46
93Y39 54/39=1.38 0.161 -8.65 0.602 0.050(1+ F0´) 0.56
111In49 62/49=1.26 0.117 -8.52 0.318 0.115(1+ F0´) 0.32
112In49 63/49=1.29 0.125 -8.52 0.363 0.123(1+ F0´) 0.36
113In49 64/49=1.31 0.133 -8.52 0.411 0.129(1+ F0´) 0.42
114In49 65/49=1.33 0.140 -8.51 0.455 0.133(1+ F0´) 0.47
115In49* 66/49=1.35 0.148* -8.51 0.508 0.134(1+ F0´) 0.53
116In49 67/49=1.37 0.155 -8.50 0.558 0.133(1+ F0´) 0.57
117In49 68/49=1.39 0.162 -8.50 0.609 0.129(1+ F0´) 0.62
118In49 69/49=1.41 0.169 -8.49 0.663 0.122(1+ F0´) 0.67
135Ba56 79/56=1.41 0.170 -8.40 0.671 0.209(1+ F0´) 0.66
136Ba56 80/56=1.43 0.176 -8.40 0.719 0.213(1+ F0´) 0.69
137Ba56 81/56=1.45 0.182 -8.39 0.769 0.215(1+ F0´) 0.75
138Ba56* 82/56=1.46 0.188* -8.39 0.820 0.216(1+ F0´) 0.78
139Ba56 83/56=1.48 0.194 -8.37 0.874 0.215(1+ F0´) 0.84
140Ba56 84/56=1.50 0.200 -8.35 0.928 0.212(1+ F0´) 0.89
141Ba56 85/56=1.52 0.206 -8.33 0.985 0.207(1+ F0´) 0.96
202Pb82 120/82=1.46 0.188 -7.88 0.820 0.262(1+ F0´) 0.81
204Pb82 122/82=1.49 0.196 -7.88 0.892 0.268(1+ F0´) 0.87
206Pb82 124/82=1.51 0.204 -7.88 0.966 0.273(1+ F0´) 0.93
208Pb82* 126/82=1.54 0.212* -7.87 1.043 0.274(1+ F0´) 1.00
210Pb82 128/82=1.56 0.219 -7.84 1.113 0.271(1+ F0´) 1.09
212Pb82 130/82=1.59 0.226 -7.80 1.185 0.269(1+ F0´) 1.19
TABLE 1. Column 1: element with nucleon and proton number, asterisk (*) denoting most 
common isotope from periodic table; Column 2: neutron excess fraction; Column 3: 
asymmetry fraction value, asterisk denoting value of A; Column 4: binding energy from 
Wapstra and Audi, 1993, per nucleon; Column 5: symmetry energy from semi-empirical 
mass formula, as fit and calculated in Eq. 15; Column 6: value of asymmetry energy 
contribution to binding energy, from Eq. 9; Column 7: the difference between the binding 
energy and the non-isospin dependent energy terms of the Bethe-Weizsäcker formula.
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Figure 1. Comparison of Symmetry and Asymmetry Energies for Na11 and Pb82, 
with Varied Values of F0´
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FIG. 1: The energy vs.  plots (Na, above; Pb, below) each show the original
symmetry curve, which never has negative value, and four examples of asymmetry 
curves, each with different Landau parameters; beginning from the left in the positive 
quadrant, F0´=-2.5, -2, -1.25, -1.05.
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III.  DISCUSSION AND CONCLUSION
In Table 1, we show the results of a comparison of the new asymmetry energy and 
the symmetry energy from the Bethe-Weizsäcker semi-empirical mass formula.  Around 
equilibrium point, A, the asymmetry energy becomes more negative and approaches a 
stable minimum.  As shown in Col. 7 of Table 1, value of the isospin independent energy 
terms, EBX-0, was positive, whereas the value of the asymmetric component is negative 
in this regime.  This discrepancy is due to the fact that the fit was performed with a
Bethe-Weizsäcker mass formula incorporating symmetry energy which is always positive, 
instead of the expanded asymmetric component utilized in this paper. In order to find a 
definite value of F0´ (which should be fairly close to –1), the entire mass formula must be 
refit.  
In Fig. 1, it is seen that as F0´ approaches –1, the equilibrium asymmetry energy 
becomes less negative, effectively decreasing the effect of the asymmetry expansion, and 
in the positive quadrant, the shape of the asymmetry curve approaches that of the 
symmetry curve.  Thus, we assume that the actual value of F0´ be relatively close to –1, as 
the asymmetry effect should be a small adjustment to the symmetry considerations.
We have shown the effect of utilizing a higher order dependence on isospin 
(a)symmetry, =(N-Z)/A.  By inclusion of the simple fourth-order term, the neutron 
excess seen in physical finite nuclei is explainable as the result of a non-symmetric 
isospin equilibrium.  Further analysis of the semi-empirical mass formula should be 
performed, with an adjustment of currently used parameters, to fit the new asymmetry 
energy term more precisely.
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